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3. I have combined five PDF files into one file for Figure 4. 

 

4. I have redone the PDF files for Figures 5 and 6 and checked that the inserted line 

segments and numbers are visible. 

 

5. Concerning the legend for Figure 7, I have changed ‘SEM’ to ‘standard errors of the 

means’ and explained the abbreviations of the pair types. 

 

6. In the Discussion section, I have discussed the critical steps in the Protocol, the wide 

applicability of the pair generation program, the limitation of the method, the 

vantage points of the method, and a future application of the method in which the 

constraint on figure drawings is relaxed. 

 

I again apologize for the lack of knowledge about your style. 

Thank you very much again. 

 

Sincerely, 

Fumio Kanbe 

Hakuoh University 
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SHORT ABSTRACT:  16 
This protocol describes a method for an experiment that examines whether specific graph and 17 
non-graph properties (features) are relevant to the recognition of figures. The method uses a 18 
database that stores various feature values of respective figures called (6 point, n line) figures. 19 
 20 
LONG ABSTRACT:  21 
This protocol introduces a method for generating strictly controlled and objectively defined 22 
stimuli for figure recognition experiments. A (6, n) figure consists of n line segments that are 23 
spanned between n pairs of points located at the vertices of an invisible regular hexagon. The 24 
structural properties (graph invariants) and superficial features (non-graph invariants) of each (6, 25 
n) figure with n values ranging from 1 to 6 are calculated and stored in a database. Using this 26 
database, experimenters can systematically extract appropriate figures depending on the 27 
purpose of the experiment. Furthermore, if the database does not contain necessary 28 
information, new feature values can sometimes be calculated ad hoc from the formation of a 29 
specific (6, n) figure. Let us call a mirror-reflected pair of figures an axisymmetric (Ax) pair. An Ax 30 
pair of figures is known to be more difficult to discriminate than a non-identical pair in the 31 
decision of whether the shapes of a given pair are rotated-to-be-identical (Idr). The purpose of 32 
the present experiment is to examine whether the sameness of line lengths between two figures 33 
in a pair causes the discrimination of the pair to be as difficult as that of an Ax pair. Mutually 34 
isomorphic figures share common structural properties despite differences in shape. Ax pairs and 35 
Idr pairs are special cases of isomorphic pairs. Furthermore, an Ax pair and Idr pair share most of 36 
the superficial feature values, except the relative direction from one location to another location 37 
across an axis of symmetry is opposite for an Ax pair. Three types of mutually isomorphic (6, 4) 38 
figure pairs were generated: Idr; Ax; and non-identical, non-axisymmetric, isomorphic (Nd) pairs. 39 
Nd pairs were further classified into three subcategories according to the superficial feature 40 
values of the degree of line length differences.  41 
 42 
INTRODUCTION:  43 
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This paper describes a method for generating strictly controlled and objectively defined stimulus 44 
figures for studies on the recognition of random figures. The stimuli are called (6 point, n line) or 45 
(6, n) figures. A (6, n) figure consists of n line segments that are spanned between n pairs of points 46 
located at the vertices of an invisible regular hexagon. Figure 1 shows an example of a (6, 4) figure 47 
that is specified by four pairs of labels for the vertices of an invisible regular hexagon. The labels 48 
designate the line segments of the figure (see Figure 1). Let us call this specification of figures a 49 
line specification format.  50 
 51 
Formerly, the author calculated the graph theoretical structural properties of (6, n) figures (called 52 
invariant features, or more specifically graph invariants1) and non-invariant properties (called 53 
superficial features) for figures with n = 1 to 6 and stored the feature values in a database. 54 
Invariant features reflect the structural (more precisely, topological) properties and superficial 55 
features reflect the non-topological and mostly metric properties of a given figure.  56 
 57 
A record number in the database uniquely identifies a figure in the line specification format. 58 
Therefore, an exhaustive search for specific values of invariant and/or superficial feature values 59 
in the database enables the retrieval of the record numbers for the figures that satisfy the 60 
conditions from the total set of (6, n) figures. The retrieved figures can serve as the stimuli for an 61 
experiment. Each record in the database contains variables that include the isomorphic set to 62 
which the figure belongs; various graph invariants, such as the number of cycles, circumference, 63 
point covering number, number of critical points, radius, number of central points, number of 64 
components, maximum degree, number of maximum degree points, number of isolated points, 65 
and number of endpoints; non-graph feature values, such as the number of intersections, and 66 
jaggedness of the contours defined by vertices and intersections; and superficial feature values, 67 
such as locations of the invariant features and (in the case in which there are plural locations) the 68 
directions formed by plural locations. For example, a cycle indicates a closed sequence of line 69 
segments, a degree of a point is the number of line segments incident with that point, an isolated 70 
point is a point with a degree of 0, and an endpoint is a point with a degree of 1. Using the 71 
invariant feature values of the database, all (6, n) figures from n = 1 to 6 can be sorted into the 72 
numbers of isomorphic sets shown in Appendix 11. See Figure 2 for an example of the stored 73 
information in each record. 74 
 75 
Note that the figures that belong to each isomorphic set are topologically equivalent despite 76 
differences in shape. Several studies have claimed that topological structures are perceived prior 77 
to more specific properties of given figures2-5. By systematically changing stimulus figures, the 78 
author claimed that detections and comparisons of invariant features precede the detections and 79 
comparisons of superficial features6. The present experiment is an attempt to clarify whether the 80 
superficial feature of line length is critical in the recognition of figure pairs under the condition 81 
that invariant feature values are all equivalent between the figure pairs (i.e., mutually 82 
isomorphic). 83 
 84 
The types of stimulus figures that are used in experiments is critically important to figure 85 
recognition research. There are two types of stimulus figures: those that are randomly generated 86 
and those that are generated ad hoc for the purpose of a study. To reduce confounds associated 87 



  

with factors not under experimental control, the use of randomly generated figures is generally 88 
considered to be more appropriate. There are several types of random figures, for example, 89 
random histograms7 and random matrices8, but the most frequently used random figures in 90 
visual recognition research in psychology are random polygons9. A general rule for making 91 
random polygons is to connect randomly distributed locations of n points in a square area with 92 
line segments in such a manner that the perimeter of the line segment is mostly convex and then 93 
color inside the perimeter. A frequently used objective index for random polygons is the number 94 
of flections of the perimeter of a polygon, which represents the complexity of the figure10-12. As 95 
the inside of the figure is colored in, structural properties regarding its perimeter are limited to 96 
the number of flections. Additionally, with the exception of the number of flections, no 97 
information is given about either the entire set of random polygons or the relationship between 98 
distinct random polygons. 99 
 100 
The figures in axisymmetric (Ax) pairs of figures are known to be more difficult to discriminate 101 
than non-identical pairs in a task to decide whether a given pair of figures is rotated-to-be-102 
identical (Idr)13-15. The two figures in an Idr pair and those in an Ax pair are mutually isomorphic 103 
and have corresponding line segments that are the same length. However, whether sameness of 104 
line lengths between the two figures in a pair increases the difficulty of discrimination of a non-105 
identical pair compared with that of an Ax pair is unclear. In this experiment, participant 106 
discrimination performance was compared between Ax pairs and non-identical, non-107 
axisymmetric (Nd) pairs. The differences in line lengths were experimentally controlled between 108 
the two figures. Because of the precedence of detecting invariant feature value differences prior 109 
to superficial feature value differences during figure recognition5, the Nd figure pairs were set to 110 
be mutually isomorphic so that line length differences would not be confounded with invariant 111 
feature value differences. 112 
 113 
Experiment 1 in the author-used (6, 5) figure pairs to examine the hypothesis that the lack of line 114 
length differences influenced the level of difficulty of discrimination of the figures in Ax pairs15. 115 
The results demonstrated that the latencies were shorter for Nd 0 (viz., no difference in total line 116 
length between paired figures) pairs compared with those for Ax pairs, which indicated that the 117 
hypothesis was unsupportable. It was argued that superficial feature value differences not under 118 
experimental control are more likely to be present in complex figures, and participants might 119 
make use of these. Interestingly, several studies have claimed that the presence of a cycle is 120 
preattentively detected16-17. By contrast, Julesz claimed that the presence of an endpoint was 121 
detected at an early stage of the segregation of figures from the background18. 122 
 123 
To address this, simpler (6, 4) figure pairs were chosen to examine the hypothesis. Out of nine 124 
isomorphic sets of (6, 4) figures, the figures that belonged to two isomorphic sets were used as 125 
stimuli. Both sets of figures shared easily detectable invariant features of (an) endpoint(s) and a 126 
cycle (i.e., a triangle) in common. See the example figures of nine isomorphic sets in Figure 3. 127 
Additionally, see the column of p = 6 and q = 4 in Appendix 11. 128 
 129 
Three basic pair types were generated: Idr, Ax, and Nd pairs. The total line length of a cycle (more 130 
specifically, a triangle) was equalized between the two figures in each pair for all pair types. Using 131 



  

this constraint, respective triangles of a figure pair became either mutually identical or Ax in 132 
shape. Nd pairs were further subcategorized according to differences in the lengths of endlines 133 
between the two figures in each pair, with the unit of length set as the side of an invisible regular 134 
hexagon. This yielded Nd 0, Nd 0.27, Nd 0.73, and Nd 1 pairs (i.e., the line length differences 135 
ranged from 0 to 1). As the presence of an intersection of line segments is known to be 136 
preattentively detected19, figures with intersecting line segments were excluded from the stimuli. 137 
See the examples of Idr, Ax, Nd 0, Nd 0.73, and Nd 1 pairs in Figure 4. To avoid the biased 138 
expectations of the participants, the number of Idr (‘same’) pairs was set to be the same as the 139 
sum of Ax (‘different’) and Nd (‘different’) pairs. 140 
 141 
PROTOCOL:  142 
The experiment was approved by the Hakuoh University Ethics Committee, Japan. 143 
 144 
1. Experimental Setup 145 
 146 
NOTE: The experimental environment consists of an LCD monitor and a response button box 147 
connected to a computer (PC for experiments). Each participant decides whether a presented 148 
pair of figures is the ‘same’ or ‘different’ by pressing one of the two buttons on a response box. 149 
There are three buttons on the box labeled ‘Enter’, ‘F6’, and ‘F5’ from left to right. By pressing 150 
the Enter button, the current screen proceeds to the next screen. The F6 button is for responses 151 
using the index finger and the F5 button is for responses using the middle finger of the 152 
participant’s right hand. The generation of figure pairs is done on a different computer (PC for 153 
stimulus preparation). This setup enables the examination of various hypotheses that concern 154 
the criticality of a certain feature in the recognition of figures in a fairly objective manner.  155 
 156 
1.1. Insert a floppy disk into the floppy disk unit connected to the PC for stimulus preparation. 157 
Start the pair generation program on the PC for stimulus preparation. 158 
 159 
1.2. Input a random number, using the keyboard, as an initial value to the random number 160 
generation function used in the program. Input either 1 or 2 using the keyboard as a digital 161 
specifier. 162 
 163 
NOTE: Digital specifier = 1 designates the index finger to ‘same’ decisions and the middle finger 164 
to ‘different’ decisions (digital state 1) in the first block of trials and vice versa (digital state 2) in 165 
the second block. Digital specifier = 2 designates digital state 2 in the first block and digital state 166 
1 in the second block. This procedure counterbalances the speed of response by different fingers. 167 
 168 
2. Instructions within the pair generation program 169 
 170 
2.1. Open a stimulus set file (PRBLM2.DAT) as a new file on the floppy disk unit. Additionally, 171 
open the database file of (6, 4) figures on the main unit. 172 
 173 



  

2.2. Sequentially examine each record of the database file from record number 1 to 1,365 to 174 
determine whether the record that has the value of the variable 28 (i.e., number of intersections 175 
of line segments, see Figure 2) is 0. 176 
 177 
NOTE: For the total numbers of (6, n) figures, see Corollary 15.1 (a)1. 178 
 179 
2.2.1. If the value is not-0, discard the record and go to the next record, else examine whether 180 
the value of variable 1 (i.e., isomorphic set) is either 2 or 5. 181 
 182 
2.2.2. If the value is neither 2 nor 5, discard the record and go to the next record, else accumulate 183 
the record number as a candidate figure in an isomorphic 2 pool or an isomorphic 5 pool. 184 
  185 
2.2.3. Exhaustively combine each record with other records, including itself, of candidate figures 186 
that belong to the isomorphic 2 pool. 187 
 188 
2.2.4. Convert each pair of record numbers into their line specification formats in all candidate 189 
pairs. 190 
 191 
2.2.5. Examine whether a figure is paired with itself, and if it is, classify the pair as an Idr pair with 192 
a tag that indicates its angular distance 0° and accumulate it in a pool of Idr pairs. 193 
 194 
2.2.6. Else, add an integer from 1 to 5 to each vertex label number in the line specification format 195 
of one figure with modulo 6 residues. If the value is 0, convert it to 6. Then, standardize the 196 
format. Then, compare the standardized format of the figure with the line specification format 197 
of the other figure in the pair. 198 
 199 
NOTE: A line specification format of a (6, 4) figure consists of four sequences of pairs of point 200 
labels. It is expressed in accordance with the left label that is always smaller than the right label 201 
inside a pair, and the left label of a previous pair that is always smaller than or equal to the left 202 
label of the following pairs. 203 
 204 
2.2.7. If the two formats match with integer i, classify the pair as an Idr pair with a tag of its 205 
angular distance I (i.e., unit of 60° counterclockwise) and accumulate it in the pool of Idr pairs. 206 
 207 
2.2.8. Else, sequentially examine whether the pair is an Ax pair with one of the axes of symmetry 208 
being 0°, 30°, 60°, 90°, 120°, or 150° counterclockwise from the rightward horizontal. 209 
 210 
NOTE: The Ax transformation of a figure about an axis of symmetry 0° permutes point labels 1 211 
for 6, 2 for 5, 3 for 4, and vice versa; about 30°, 1 for 1, 2 for 6, 3 for 5, 4 for 4, and vice versa; 212 
about 60°, 1 for 2, 3 for 6, 4 for 5, and vice versa; about 90°, 1 for 3, 2 for 2, 4 for 6, 5 for 5, and 213 
vice versa; about 120°, 1 for 4, 2 for 3, 5 for 6, and vice versa; and about 150°, 1 for 5, 2 for 4, 3 214 
for 3, 6 for 6, and vice versa (Figure 5). 215 
 216 



  

2.2.9. If the line specification format of one figure after the Ax transformation about the axis of 217 
symmetry j° matches the format of the other figure in the pair, then classify the pair as an Ax pair 218 
with a tag of the axis of symmetry j° and accumulate it in a pool of Ax pairs. 219 
 220 
2.2.10. Else, classify the pair as an Nd pair. Then, calculate the numbers of incident lines at 221 
respective vertices in the line specification formats of the two figures of an Nd pair (Figure 6). 222 
 223 
2.2.11. If the number of incident lines is one at either end of a line segment of a figure, determine 224 
the segment as an endline of a figure. Then, determine the three remaining line segments as 225 
those constituting a cycle (i.e., a triangle). 226 
 227 
2.2.12. Calculate the total line lengths of the cycles of two figures of an Nd pair. If the total lengths 228 
of the cycles between the two figures differ, discard the pairs. 229 
 230 
2.2.13. Else, calculate the difference between line lengths of the endlines between two figures. 231 
If the length difference is 0, classify the pair as an Nd pair with a tag of 0 and accumulate it in the 232 
pool of Nd pairs. 233 
 234 
2.2.14. Else, if the length difference is 0.27, classify the pair as an Nd with a tag of 0.27 and 235 
accumulate it in the pool of Nd pairs. 236 
 237 
2.2.15. Else, if the length difference is 0.73, classify the pair as an Nd pair with a tag of 0.73 and 238 
accumulate it in the pool of Nd pairs. 239 
 240 
2.2.16. Else, classify the pair as an Nd pair with a tag of 1 and accumulate it with a tag of 1 in the 241 
pool of Nd pairs. 242 
 243 
2.2.17. Reiterate the protocol steps 2.2.3 to 2.2.16 for the candidate figures that belong to 244 
isomorphic set 5. 245 
 246 
2.2.18. Close the database file. 247 
 248 
2.3. Preparation of a stimulus set for a participant 249 
 250 
2.3.1. Randomly sample three pairs from the Idr pool, two pairs from the Nd pool, and a pair from 251 
the Ax pool with tags as practice pairs. 252 
 253 
2.3.2. Concatenate Idr, Nd, and Ax practice pairs and randomize their presentation order for the 254 
first block of practice trials. 255 
 256 
2.3.3. Randomly sample 80 pairs from the Idr pool, 40 pairs from the Nd pool, and 40 pairs from 257 
the Ax pool with tags as test pairs. 258 
 259 



  

2.3.4. Concatenate Idr, Nd, and Ax test pairs and randomize their presentation order for the first 260 
block of test trials. 261 
 262 
2.3.5. Reiterate the protocol steps 2.3.1 to 2.3.4 for preparing practice and test trials in the 263 
second block of trials. 264 
 265 
2.3.6. Write a presentation number, digital state, pair type with a tag, number of line segments, 266 
and four pairs of vertex labels in the line specification format of the left figure and right figure of 267 
each trial to the floppy disk unit sequentially, and simultaneously echo these values on the 268 
screen. 269 
 270 
2.3.7. Reiterate step 2.3.6 from the first practice trial in the first block to the last test trials in the 271 
second block. 272 
 273 
2.3.8. Close the floppy disk unit. 274 
 275 
3. Instruction by an experimenter and execution of an experiment by a participant 276 
 277 
3.1. Ask each participant to provide written informed consent to participate in the experiment. 278 
 279 
3.2. Instructions by an experimenter 280 
 281 
3.2.1. Instruct each participant to decide whether a presented pair of figures is identical in shape 282 
regardless of their orientations (‘Same’) or not (‘Different’) as quickly and accurately as possible 283 
and show example figure pairs. 284 
 285 
3.3. Specifications before the experiment by an experimenter 286 
 287 
3.3.1. Start the stimulus presentation program on the PC for experiments. 288 
 289 
3.3.2. Click Identity decision task on the menu screen. 290 
 291 
3.3.3. Click Participant's information, then input name, sex, and age, and then click End of 292 
specification on the information screen. 293 
 294 
3.3.4. Click Read Stimulus data on the menu screen, click PRBLM2.DAT file in the floppy disk 295 
drive, and click OPEN on the file specification screen. 296 
 297 
3.4. Execution of the experiment 298 
 299 
3.4.1. As an experimenter, seat a participant in front of the monitor and put his/her head on the 300 
chinrest and measure a distance 60 cm from the forehead to the monitor. 301 
 302 
3.4.2. As an experimenter, start an experiment by clicking Execution on the menu screen. 303 



  

 304 
3.4.3. As an experimenter, if the instruction screen shows the digital state 1, instruct a participant 305 
to press F6 key (response with the index finger) for ‘same’ decisions and to press F5 key (response 306 
with the middle finger) for ‘different’ decisions. If the instruction screen shows the digital state 307 
2, instruct to press F6 for ‘different’ decisions and F5 for ‘same’ decisions. 308 
 309 
3.4.4. As a participant, after fully memorizing the digital state of the block, press Enter on the 310 
response box. 311 
 312 
3.4.5. As a participant, in response to the ‘Ready’ prompt on the screen, press Enter to start a 313 
trial. 314 
 315 
3.4.6. As a participant, upon the presentation of a pair of practice pairs on the stimulus screen, 316 
press the F6 or F5 key as soon as a decision is reached. 317 
 318 
NOTE: The six vertices of an invisible regular hexagon are stylized as small filled circles with 319 
diameters of 0.4 cm whose centers are shifted 0.2 cm outward from the locations of the vertices 320 
on a stimulus screen. The six vertices of a (6, 4) figure are projected in a 6.6 cm x 7.6 cm 321 
rectangular area. Two figures of a pair are located at horizontally parallel positions with a 322 
between-centers distance of 9.4 cm. 323 
 324 
3.4.7. (Previously) set up the stimulus presentation program to display ‘The decision was 325 
erroneous’ on the feedback message screen with a beep in a practice trial if a response is an 326 
error. If a response is correct, display ‘The decision was correct’ on the screen. 327 
 328 
3.4.8. As a participant, when confirming a feedback message, press Enter to proceed to the next 329 
‘prompt’ screen. 330 
 331 
3.4.9. (As the stimulus presentation program), reiterate the steps 3.4.4 to 3.4.7 by the end of 332 
practice trials in the block. 333 
 334 
3.4.10. When all practice trials are complete, display ‘Start of the test trials’ on the screen. 335 
 336 
3.4.11. Reiterate the steps 3.4.4 to 3.4.5 at the end of test trials in a block. 337 
 338 
NOTE: The feedback messages are presented only during practice trials. 339 
 340 
3.4.12. Reiterate steps 3.4.3 to 3.4.8 to execute the practice and test trials in the second block. 341 
 342 
3.4.13. As the stimulus presentation program, save the data to a file on the floppy disk unit. 343 
 344 
NOTE: A participant’s data for each trial consists of a serial trial number, number of line segments, 345 
digital state, code of the pair type with a tag, code of the button pressed, correctness of a 346 
response, and latency in ms. 347 



  

 348 
REPRESENTATIVE RESULTS:  349 
As Nd 0.27 pairs were found to only exist in the figures of isomorphic set 2, the subsequent 350 
analysis did not include the results for Nd 0.27 pairs. The hypothesis of the present study was 351 
that the sameness of line lengths between the two figures in Nd pairs would make them as 352 
difficult to discriminate as Ax figure pairs. 353 
 354 
The results of the experiment are shown in Figure 7. Error rates were significantly different across 355 
the pair types, H = 23.8, p < 0.001. An ANOVA test showed that the latencies were different across 356 
the pair types, F (4, 48) = 12.3, p < 0.001. Scheffe’s tests showed that significant differences in 357 
latencies were not found between any pairs, except between Nd 0 and Nd 0.73, Nd 0 and Nd 1, 358 
and Nd 1 and Ax pairs. It is noteworthy that there was no difference in latency between Ax and 359 
Nd 0 pairs p ≈ 1.0. 360 
 361 
The error rates and latency data both suggest that Nd 0.73 and Nd 1 pairs are easily discriminable 362 
compared with Ax pairs. However, the nearly absent difference in latency between Nd 0 pairs 363 
and Ax pairs strongly suggests that the sameness of line lengths caused Ax pairs to be more 364 
difficult to discriminate. 365 
 366 
FIGURE AND TABLE LEGENDS:  367 
 368 
Figure 1. Example of a (6, 4) figure. The numbers near the filled circles indicate the labels of the 369 
points (i.e., vertices) of an invisible regular hexagon. The figure can be specified by four pairs of 370 
point labels (1-2, 1-3, 1-6, 3-6). 371 
 372 
Figure 2. Example of the content of the database of (6, 4) figures. Record number 3 (NR = 3) 373 
indicates the figure identifiable by the line specification format (1-2, 1-3, 1-4, 2-3). Variable (1) 374 
indicates the isomorphic set to which the figure belongs, (2) number of line segments, (3) number 375 
of cycles, (4) circumference, (17) maximum degree, (18) number of the points with the maximum 376 
degree, (21) number of isolated points, (24) number of endpoints, and (28) number of 377 
intersections of line segments. 378 
 379 
Figure 3. Examples of nine isomorphic sets of (6, 4) figures. The code numbers 1 to 9 do not 380 
indicate an order. 381 
 382 
Figure 4. Examples of pair types. (A) an Idr pair with an angular distance 120°, (B) Ax pair about 383 
the axis of symmetry 30° counterclockwise from the rightward horizontal, (C) Nd 0 pair, (D) Nd 384 
0.73 pair, and (E) Nd 1 pair. 385 
 386 
Figure 5. Axes of symmetry that enable the permutation of specific pairs of point labels. Each 387 
line segment with a small number near its end is an axis of symmetry. Parenthesized numbers 388 
are point labels. This visualization enables the easy identification of pairs of points that are at 389 
equiangular distances from each axis. 390 
 391 



  

Figure 6. Illustrated example of line segments that are incident to the vertex points. 392 
Parenthesized large numbers indicate the point labels and smaller numbers indicate the number 393 
of line segments incident to the point. The line specification format of this figure is (1-4, 2-3, 2-4, 394 
3-4), and the numbers of incident lines to the respective points are the summations of the 395 
appearance of the points in the format: 1 for point 1, 2 for 2, 2 for 3, 3 for 4, 0 for 5, and 0 for 6. 396 
As point 1 has 1 incident line, the point pair 1-4 is determined to be an endline and the remaining 397 
point pairs with a line incidence of more than 1 are taken to constitute a cycle. 398 
 399 
Figure 7. Mean latencies with standard errors of the means (hollow bars) and percent errors 400 
(grey bars) of the pair types. Idr denotes rotated-to-be-identical pairs; Nd denotes non-identical, 401 
non-axisymmetric, isomorphic pairs, where the number indicates the size of the difference in end 402 
line lengths between the two figures; and Ax denotes axisymmetric pairs. 403 
 404 
DISCUSSION:  405 
The present method can be used to prepare a set of objectively definable stimulus figures for 406 
figure recognition experiments. The critical aspect of the method are the instructions within the 407 
pair generation program. Using a (6, n) database, the program can select appropriate candidate 408 
figures from the total (6, n) figures (protocol steps 2.2.1 and 2.2.2). Additionally, the program can 409 
sometimes calculate feature values of figures that are not stored in the database, as in the case 410 
of the calculation of the length of an end line (protocol step 2.2.13). If researchers wish to use a 411 
pair of figures as a unit of stimulus presentation, the program can exhaustively combine 412 
candidate figures to form pairs and sort them into geometrically justifiable categories, as 413 
explained in the categorization of Idr, Ax, and Nd pairs, in addition to in the subcategorization of 414 
Nd pairs (protocol steps 2.2.3‒2.2.16). If researchers are aware of possible confounding factors 415 
in advance, they can control these factors by adding or modifying instructions in the program, as 416 
in the cases of (a) using relatively simple (6, 4) figures pairs as stimuli (step 2.1); (b) avoiding 417 
having intersecting line segments in the figure (steps 2.2 and 2.2.1); and (c) equalizing the number 418 
of Idr pairs to the sum of the numbers of Ax and Nd pairs (step 2.3.3).  419 
 420 
The pair generation program (file name: PMELCYLG2) was prepared ad hoc for the purpose of 421 
the present study. It is a partial modification of a previous program that includes routines for 422 
separating an end line from a triangle in a given figure, and then calculating the length of the end 423 
line. Taking this into account, the pair generation program has wide applicability because it 424 
introduces specific modifications to previous programs based on the current research question. 425 
Clearly, close debugging of the program is required before embarking on an experiment. 426 
 427 
The applicability of the methods that use (6, n) figures is constrained by the nature of (6, n) figures 428 
per se and by the known properties (i.e., values of invariant and superficial features) of each (6, 429 
n) figure. A (6, n) figure consists of 6 points and n straight line segments that span n pairs of the 430 
points. The six points are assumed to be located coplanar and provide no depth information. 431 
Therefore, the methods are neither applicable to research questions that concern the recognition 432 
of concrete objects nor to those that do not concern figure features.  433 
 434 
As already stated, randomly generated stimulus figures are generally more appropriate than 435 



  

those generated ad hoc for the specific purpose of a study. Unfortunately, the cases for using ad 436 
hoc figures exceed those for random figures. Even for the cases of using random polygons, the 437 
number of flections is a measure that lacks theoretical clarity and the total number of figures that 438 
have a number of flections equal to n is unknown. By contrast, invariant and superficial features 439 
used in the present method are supported by geometrical theories. Furthermore, the total sets 440 
of (6, n) figures with n = 1 to 6 are known and the figures that satisfy specific feature values are 441 
retrievable from the total set. 442 
 443 
Concerning the end line in a figure of isomorphic set 2, its length and angle from the triangle 444 
were confounded. Regarding the figures that belonged to isomorphic set 5, the length of the 445 
detached end line was confounded with parallelism between the end line and a triangle. Such 446 
confusion could be resolved in the future by relaxing the condition that each line segment should 447 
be spanned between a pair of vertices of a regular hexagon. 448 
 449 
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Name of Material/ Equipment Company Catalog Number Comments/Description

PC for stimulus preparation DELL  Inspiron 15

External USB FD unit  Logitec LFD-31UEF

Response button box Takei Kiki S-15068 custom item
PC for experiments NEC PC-37LB-N 15SN
LCD monitor NEC AS172-MC 

Chin rest Takei Kiki T.K.K.930a

Pair generation program PMELCYLG2 self-made

Database file P4.DAT self-made

Stimulus presentation program Takei Kiki Presentation/Response Device for (6, n) Figures custom item
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Dear Reviewer, 
 
I am very grateful for your precise comments on my manuscript. Based on your advice, 
I have revised the parts mentioned in the comments as follows: The line numbers 
indicated in this reply reflect those in the old version of the manuscript. 
 
Major concerns 
1.  L20:  ‘Figure’ seems very generic. Because of the graph-theoretic flavor of the 
paper, it should be clarified immediately in the abstract that figures here are very 
simple graphs. 
 (Revision) 
    I changed “figural properties” to “graph and non-graph properties” in the Short 
Abstract. 
 
2.  L37: Axisymmetric pairs of figures should be defined here in addition to the 
definitions of Idr, and Nd pairs. 
 (Revision) 
    In the Long Abstract, I inserted the following text: “Let us call a mirror-reflected 
pair of figures an axisymmetric (Ax) pair” and “Mutually isomorphic figures share 
common structural properties despite differences in shape. Ax pairs and Idr pairs are 
special cases of isomorphic pairs. Furthermore, an Ax pair and Idr pair share most of 
the superficial feature values, except the relative direction from one location to another 
location about an axis of symmetry is opposite for an Ax pair.” 
 
3.  L55:  
 (Revision) 

I changed “graph theoretically defined structural properties” to “graph theoretical 
structural properties.” 
 
4.  L120:  It would be nice to provide evidence for all numerical values provided. 
 (Revision) 

Regarding Figure 3, I have provided examples of nine isomorphic sets of (6, 4) 
figures rather than two sets used in the present experiment. I have also referred to 
Appendix 1 in Harary (1961) to show that there are nine isomorphic sets. 
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5.  L138:  Details should be provided on the database. 
 (Revision) 

I listed all 11 graph invariants used in the database by which all (6, n) figures with 
n ranging from 1 to 6 can be sorted into the numbers of isomorphic sets specified in 
Appendix 1 in Harary (1961). 
 
6.   L142:  Although the stimulus figures used in the experiment were named as the 
figures of isomorphic set 2 and 5, such notation was arbitrary and confusing. 
 (Revision) 

As stated in response 4, I have provided examples of all nine isomorphic sets 
coded with 1 to 9 in Figure 3. Based on these illustrated examples, it would be natural 
to use the term isomorphic set 2 and set 5. Of course, in the legend of Figure 3, I have 
noted that the code numbers 1–9 do not indicate an order. 
 
7.  L148:  “There were total of 1365 (6, 4) figures”.  Add a reference or explain it. 
 (Revision) 

Regarding the total numbers of (6, n) figures, I referred to Corollary 15.1 (a) in 
Harary (1969). 
 
8.  L158:  “Candidate figures … were combined to form pairs of candidate figures.”  
How? In all possible ways? At random? 
 (Revision) 

I have completely rewritten the Protocol section. I have explained in detail how to 
generate Idr, Ax, and Nd pairs using the step-by-step calculations from 2.2.3 to 2.2.16. 
 
9.  L171:  NOTE was unnecessary long. 
 (Revision) 
Although it may still be clumsy, I have rewritten the note: “A line specification format 
of a (6, 4) figure consists of four sequences of pairs of point labels. It is expressed in 
accordance with the left label that is always smaller than or equal to the right label 
inside a pair, and the left label of a previous pair that is always smaller than or equal 
to the left label of the following pairs.” 
 
10.  L197:  Line lengths depend on the geometry of the vertices not the line 
specification representation. 
 (Revision) 



Based on the explanation in the Introduction that “Nd pairs were further 
subcategorized according to differences in the lengths of endlines between the two 
figures in each pair, with the unit of length set as the side of an invisible regular 
hexagon,” I have explained the steps in more detail as follows: 
“2.2.12.  Calculate the total line lengths of the cycles of two figures of an Nd pair. If the 
total lengths of the cycles between the two figures differ, discard the pairs. 
2.2.13.  Else, calculate the difference between line lengths of the endlines between two 
figures. If the length difference is 0, classify the pair as an Nd pair with a tag of 0 and 
accumulate it in the pool of Nd pairs.” 
 
11.  L458  Lines are attached to different points on the circumference of vertex 
circles. 
 (Revision) 

In the Protocol section, I have explained the formation of stimulus figures as 
follows. “The six vertices of an invisible regular hexagon are stylized as small filled 
circles with diameters of 0.4 cm whose centers are shifted 0.2 cm outward from the 
locations of the vertices on a stimulus screen. With the exception of the stylized points, 
a (6, 4) figure is projected in a 6.6 x 7.6 cm rectangular area. Two figures of a pair are 
located at horizontally parallel positions with a between-centers distance of 9.4 cm.” 
This formation of stimulus figures has long been used by emphasizing the presence of 
the points where lines connect. I accept your claim that lines should connect to the 
center of a stylized point. I will use the stylized points with a reduced diameter located 
at the respective vertices in future studies.  
 
Thank you very much again for your precise advice. 
 
Sincerely, 
Fumio Kanbe 
Hakuoh University 
 



Dear Reviewer, 
 
I am very grateful for the valuable comments and information. In the following are 
revisions in response to your comments. 
 
Major comments 
1.  The references of most popular line construction algorithms are not mentioned (i.e., 
research work by Bresenham, R. Klette).  
 

I am very grateful for the information about Bresenham algorithms. To my regret, 
I did not have the knowledge about the algorithm, and I searched for the term in 
PsycINFO (the largest publication database in psychology) but had no results. Later, I 
found that the algorithms are related to computer graphic technology on line drawings, 
but I am not certain how the algorithms are relevant to my research question. 
Therefore, I have not made reference to the algorithms. I am very sorry for that. 
 
2.  Figures to be placed before referred.  Overall structure of the paper to be reframed 
in that way. 
 
    I have provided figures in PDF files separate from the manuscript file. 
 
3.  Sec.4, specifications are not mentioned. The application of the work needs to be 
mentioned. 
 

I have completely rewritten the Protocol section and included step-by-step 
specifications in detail. At the beginning of the Protocol section, I have explained that 
the experimental setup enables the examination of various hypotheses that a certain 
feature is critical in the recognition of figures in fairly objective manner.  
 
Minor comments 
1.  The document is not justified. 
 
    I have used the JoVE template and the document is now justified.  
 
2.  Overall spelling and grammatical mistakes to be corrected. 
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I asked a native English-speaking scientific editor to check my manuscript. 
 
Thank you very much again for your advice. 
 
Sincerely,  
Fumio Kanbe 
Hakuoh University 
 


